Underground contracting has come a long way in recent years. As communities and buildings are being built, services like water, sewer, and gas are needed to allow people to perform their day to day activities. This research has led to the idea and design of a way to find the arc length of the pipe put into the ground at given points. The pipe length was estimated using the formulas for distance and arc length together with two different modeling methods: Lagrange interpolation and polynomial regression. Both techniques yielded similar results; however this may be situational and in other circumstances their effectiveness may vary.
PROBLEM STATEMENT
Determine the length of pipe needed to perform a directional drill.
MOTIVATION
Directional drilling is a fairly new concept when putting pipe in the ground. This is a form of trenchless digging and is used most often when digging and putting in pipe the traditional way (open cut) is not possible. Directional drilling is commonly used for drilling under highways and waterways, but may be employed in a variety of circumstances.
The concept behind directional drilling is to drill down into the ground at an angle. Rods are connected together end to end to make the drill stem longer while drilling. The first rod in the ground has a flat angled piece of metal to allow for steering when pushed by the machine. The drill is maneuvered downward until a desired depth is reached. At this point the tooling is aimed back up to the surface in a nice gradual increase, making a parabolic shape. There are a few different ways to track the drill pipe while being underground. The way most commonly used is running a wire through the inside of the drill stem, sending an electric charge through the wire and using a computer to pick up the signal and track it with known Global Positioning System points (GPS). Once the tooling is above ground at the desired location, a series of reamers to make the hole bigger will be used. These reamers vary in size and the size correlates with the size of the pipe needed to be put in the ground. As the reamers make the whole bigger, a fluid called bentonite is pumped in through the inside of the drill stem and out the reamer. Bentonite is a mud mixture of several clays and fine sands that acts as a sealer or a frosting so the hole does not collapse. Civil engineers design jobs for the underground utility construction companies to install various pipelines which are required for daily living. It is necessary for accurate measurements to be taken when designing and bidding the job as thousands of dollars are on the line for supplies.
Poor estimations resulting in having too much or not enough pipe can cost contractors time and money. Since my father is an underground contractor we have a growing interest in the industry.
He has a saying when doing direction drills, "You can either win big or lose big". From this research we would like to increase the odds of successful drills.
Cabana: Arc Length of a Pipe Needed for a Directional Drill
Produced by The Berkeley Electronic Press, 2011
MATHEMATICAL DESCRIPTION AND SOLUTION APPROACH
Given the data in Table 1 , we determine the length of pipe needed for the directional drill using three different methods.
Length:
Depth: To get a naïve estimate for the length of pipe needed we first determine the length of the straight line segments connecting the data points in Table 1 . This is simply an application of the distance formula in the plane, so we have:
For our second estimate we employ the method of quadratic regression. We determine the coefficients and so the function,
best fits the data in Table 1 . To accomplish this we minimize the distance between the regression curve and the data with respect to each coefficient and which gives the following system of equations: 
Solving this system gives and so the quadratic function which best fits the data from Table 1 is (4) Now to determine the length of pipe needed we calculate the arc length of the function above (4).
We use the well-known formula,
Differentiating (4) and substituting into (5) gives:
.
The graph of is pictured below in Chart 5.
Chart 5: Target drilling depths and quadratic regression line the data points in Table 1 , the Lagrange polynomial passing through each of the desired points is of the form: .
Thus the explicit form of our Lagrange polynomial is, .
As before we differentiate (8) and substitute into (5) to obtain,
DISCUSSION
When graphing the coordinate points in Table ( Chart 1), the shape of the points was found to be parabolic. This suggests that the quadratic regression function (4) may be a reasonable approximation, but we note that this equation does not pass directly through the given data points. For example, rather than zero.
Although distance (piecewise linear) formula passes though each of the collected data points, the linear segments and sharp bends do not match that curve that the drilling machine makes.
While the Lagrange polynomial achieves both the curvature of the pipe and exactly coincides with the given data, its computation requires more effort than the other two techniques.
Even the computation with a few data points requires computer assistance making it impractical for large data sets.
Despite the strengths and weakness of each method, we observe the estimates for the required length of pipe using the distance formula, quadratic regression, and Lagrange interpolation only differed by less than ten feet.
CONCLUSION AND RECOMMENDATIONS
Finding the arc length of an unknown length of pipe can be achieved by describing the drill path in any of the following three ways: as a piecewise linear function (1), a quadratic function (6) or interpolated as a high order polynomial (9). These three methods relied on distinct methods for modeling the given data points. Since the given lengths and depths of our particular drill path seem parabolic, the quadratic fit is most likely the best fit our data even though it is not the simplest to compute.
The distance formula estimate was quite surprising, in that it closely matched the estimate obtained from the quadratic regression function. However since this method assumes a piecewise linear interpolation function, it may not be reliable when only a few or spread out data points are given. As the distance between the data points decreases, the function begins to conform to the curvature that the machine and pipe will form underground.
Lagrange interpolation produces a high degree polynomial to model the drill path. The extensive computations associated with calculating the interpolation and subsequently finding the corresponding arc length make this method unpractical for most real-world situations. Even eight data points yields a polynomial of degree eight. Though the method is straightforward, it is unnecessarily cumbersome to employ when compared to the other two methods. Further, directional drilling is based on accurate estimations, and the actual hole will not match the blueprints exactly. Therefore a model which interpolates the drill path identically is not required.
When directional drilling, the coordinate points highlight a safe path for the operator to follow given a suitable tolerance for error. These points are often created beforehand due to a variety of reasons, e.g., avoiding other buried pipes. An operator may not fully follow the coordinates and can easily venture inches or even feet off course given the circumstances. So we must allow for some flexibility in our model.
The information gained from this research may help underground contracting companies optimize their profits. Some of the techniques that we explored provide a simple way to find the minimum length of pipe needed to fill a hole created through directional drilling. Using a pipe of minimal length will directly translate to a greater profit for the job. Ultimately this preparation and planning will aid the machine operator to drill along the desired path and safely get the pipe into the ground using the least amount of material. 
